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Abstract

We develop a rational theory of information overload in which a larger signal envi-
ronment can raise the cost of implementing an estimate. An agent observes all signals
and minimizes mean squared error plus processing cost. With costless constant esti-
mates and convex, lower semicontinuous costs, the optimal estimate converges in mean
square to the prior mean when sustaining nonvanishing estimate variance becomes
prohibitively costly. Under these conditions, overload occurs if and only if optimal
inference achieves a strict accuracy gain at some finite dimension. We derive affine
optimality when the posterior mean is affine and costs are weakly increasing in esti-
mate variance. In a Gaussian—quadratic benchmark with positive processing costs, the
optimal rule attenuates the Bayesian posterior mean while preserving relative signal
weights. Independent, equally precise signals yield single-troughed mean squared er-
ror. In a correlation-neglect application, attenuation makes differences in estimates
and true total loss vanish as the environment expands, despite persistent covariance
misspecification.
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1 Introduction

Can access to more useful evidence make a rational decision-maker less accurate? Consider
a financial analyst forecasting a firm’s earnings from a growing set of indicators. Additional
indicators can improve prediction, but producing a forecast that responds to the evidence
requires resources. Empirical and experimental research documents that larger information
sets can alter processing strategies and reduce decision quality across consumer, accounting,
and organizational settings (Eppler and Mengis, 2004; Roetzel, 2019). The challenge for
economic theory is to explain why an optimizing analyst might lose accuracy gains achieved
with a smaller information set, even though the original indicators remain available. This
paper studies how an expanding information environment can raise the cost of implementing

a responsive forecast and make those earlier accuracy gains too costly to sustain.

Under costless Bayesian inference, additional signals cannot increase minimum expected
prediction loss because every rule based on the original signals remains feasible (Blackwell,
1953). When implementing rules is costly, the same reasoning guarantees that minimum
total loss, including processing costs, cannot increase if earlier rules remain available at
unchanged cost. Our model preserves this statistical feasibility but relaxes the invariance
of implementation costs. A rule that ignores the new signals produces exactly the same
estimate as before, yet implementing it within a larger information environment may be
more expensive. Ignoring additional signals therefore need not preserve an earlier accuracy

gain at its original implementation cost.

Experimental evidence suggests that disregarding additional information need not be cost-
less. Payne (1976) shows that more complex decision tasks change information-search strate-
gies and induce greater reliance on selective evaluation. Dummel et al. (2016) show that cues
excluded by a simple decision heuristic can nevertheless affect processing, while Chadd et
al. (2021) find that irrelevant information increases decision time and generates demand
for simpler choice environments. These findings motivate allowing implementation costs to
depend on the surrounding information environment. One possible interpretation is that
producing a forecast from selected indicators requires isolating those inputs from a growing
set of competing cues. We capture such implementation demands through a reduced-form
processing technology in which maintaining a response to evidence can become more costly

as the information environment expands.

We consider an agent who estimates an unknown state from a fully observed vector of (d+1)
signals. She knows their joint distribution with the state and chooses a measurable learning
rule ¢ to minimize mean squared error plus processing cost. The signal vectors are nested,

so expanding the environment preserves the original evidence. Processing costs may depend



on both the induced estimate and the size of the surrounding signal vector. We call the
variance of the induced estimate its responsiveness. Our central cost condition requires
that any sequence of rules whose responsiveness remains bounded away from zero become
arbitrarily costly as the environment expands. Constant estimates remain costless, giving

the agent an option that avoids the burden of responding to evidence.

Our main result characterizes information overload, defined as the existence of a finite in-
formation environment whose optimal estimate is strictly more accurate than the estimates
chosen in every richer environment. Under the cost conditions above and convex, lower
semicontinuous processing costs, overload occurs if and only if optimal inference achieves
a strict accuracy gain over the prior-mean estimate at some finite dimension. The costless
prior-mean estimate bounds optimal total loss by the prior variance. Processing expenditure
is therefore bounded, forcing optimal responsiveness to vanish as the environment expands.
We show that the optimal estimate then converges in mean square to the prior mean, and
its mean squared error returns to the prior variance. This characterization requires neither

a parametric signal structure nor a restriction to linear learning rules.

We next characterize how the agent adjusts her inference rule. When the Bayesian posterior
mean is affine in the signals and processing costs are weakly increasing in estimate variance,
the optimal learning rule is also affine. We then specialize to a Gaussian—quadratic environ-
ment in which processing cost is proportional to the number of signals times the variance of
the estimate. The optimal rule shrinks the Bayesian posterior mean toward the prior mean
by a common attenuation factor. With independent signals of equal precision, additional
observations improve Bayesian precision while reducing the fraction of the Bayesian adjust-
ment that the agent implements. When processing costs are positive, mean squared error is
single-troughed and converges to the prior variance; its minimum may occur at the smallest

feasible information dimension.

The benchmark generates overload while preserving the relative Bayesian weights on the
signals. Every signal receives a positive weight at each finite dimension. With heterogeneous
signal precisions, the optimal rule continues to multiply all Bayesian weights by the same
attenuation factor, leaving their relative magnitudes unchanged. An agent can therefore
combine evidence in the correct proportions while losing accuracy gains through attenuation
of her overall response. We also characterize the preferred information dimension when the
agent can choose the number of available signals. This choice minimizes prediction error
plus processing cost, so the preferred dimension need not coincide with the dimension that

maximizes statistical accuracy.

Finally, we apply the framework to correlation neglect, in which an agent treats positively



correlated signal noises as independent (Enke and Zimmermann, 2019). She evaluates both
prediction error and processing cost under this misspecified covariance model. We compare
her estimate with the estimate chosen under the true covariance structure. With positive pro-
cessing costs, both estimates converge in mean square to the prior mean, and the additional
true total loss from correlation neglect vanishes. Without processing costs, the behavioral
and loss gaps persist. The convergence reflects reduced responsiveness while covariance be-
liefs remain misspecified. Similar forecasts can therefore conceal persistent differences in

statistical beliefs when both agents respond weakly to evidence.

Related Literature

The paper is closely related to rational explanations of information overload through search
and information extraction. Branco et al. (2016) study costly consumer search and show
how additional product information can lower the average usefulness of what consumers
examine. Lu (2022) develops a rational-inattention model in which more detailed financial
reports can make useful information harder to extract; with complementary investment
decisions, additional detail can also reduce welfare through a failure to coordinate attention.
Blankespoor et al. (2020) review the costs of becoming aware of disclosures, acquiring their
content, and analyzing it. Our model takes the signal vector as fully observed and studies
the cost of implementing an estimate. We characterize when an expanding information
environment eliminates earlier prediction gains and show how overload can arise through

attenuation that preserves relative Bayesian signal weights.

The paper also relates to rational inattention more broadly. Sims (2003) studies limits on in-
formation processing, while Matéjka and McKay (2015) derive discrete-choice behavior from
optimal information acquisition under processing costs. Mackowiak et al. (2023) review this
approach and its applications. Deterministic responses arise in Saint-Paul (2017), where
an information-capacity constraint leads to piecewise-constant decision rules. We share the
premise that limited responsiveness can reflect optimization. Our focus is on a processing
technology under which the cost of an unchanged estimate can increase when additional sig-
nals enter the environment. Earlier learning rules remain statistically feasible, but retaining

them need not preserve their implementation costs.

Our processing technology connects to research on cognitive simplification and rule imple-
mentation. Gabaix (2014) derives selective responses through simplified representations that
retain important variables. Oprea (2020) provides experimental evidence that implementing
decision rules is costly and that these costs depend on the characteristics and representation

of the rule. Avoyan and Schotter (2020) show that attention allocated to a game depends on



the other game faced simultaneously, highlighting the influence of the surrounding decision
environment. These studies motivate considering implementation demands alongside statis-
tical information. We represent those demands through reduced-form costs that depend on

the induced estimate and the size of the information environment.

Empirical research provides further motivation. Studies of consumer choice and financial-
distress judgments document settings in which greater information loads are associated with
lower decision quality (Chewning Jr and Harrell, 1990; Jacoby et al., 1974; Malhotra, 1982).
Chadd et al. (2021) show that irrelevant information increases decision time and generates
demand for simpler choice environments. Related choice-overload experiments examine how
larger menus affect participation and decision outcomes (Iyengar and Lepper, 2000). Our
analysis holds the prediction problem fixed and varies the number of available signals. It
provides a rational mechanism consistent with the possibility of declining accuracy, while
treating the dimension dependence of processing costs as a modeling assumption rather than

a technology identified by these experiments.

Finally, the correlation-neglect application relates to research on the use of dependent evi-
dence. Enke and Zimmermann (2019) document insufficient adjustment for correlation across
signals, and Dasaratha and He (2021) find that denser observation networks can impair se-
quential learning, consistent with neglect of correlation among observed decisions. We take
the covariance mistake as given and examine how a separate processing friction changes its
consequences. Attenuation reduces differences in realized estimates and true total loss even
though covariance beliefs remain different. The application thus identifies a reason why

persistent statistical misspecification may become difficult to detect from observed forecasts.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3
characterizes information overload and the prior-reversion mechanism. Section 4 establishes
affine optimality. Section 5 develops the Gaussian analysis, and Section 6 applies it to

correlation neglect. Section 7 concludes.

2 Model

This section develops a model of inference under dimension-dependent processing costs. At
each information dimension, the signal vector is given and fully observed. The agent’s chooses
how to transform these signals into an estimate of the state. We separate the statistical
content of the signal vector from the cost of implementing a responsive inference rule. The
dimension d indexes the size of the information environment, with d + 1 signals available

at dimension d. Whether a larger environment is more burdensome is determined by the



processing technology introduced below.

2.1 Information Environment

Let (€2, F,IP) be a probability space supporting a real-valued state # and a sequence of

real-valued signals (Si)r>0. The state has a finite, nondegenerate second moment:
we = E[0], 0 < o5 := Var() < oo.
At information dimension d € Ny, the agent observes signals with
S@ .= (S, 8,...,5,)" e RAHL,

Uppercase letters denote random variables, while (9 := (s, 51, ...,54) " denotes a realization
of S . Unless otherwise stated, all expectations, variances, and covariances are evaluated

under the joint law P of the state and signals.

We initially impose no parametric restriction on the joint distribution of (6, S@®). The
signals may be biased, correlated, heterogeneous in quality, redundant, partly informative,

or completely uninformative.?

The information environments are nested. Every coordinate available at dimension d remains
available at every dimension d’ > d, and an increase in d leaves the joint distribution of the
previously available state and signals unchanged. A larger d therefore expands the statistical
information available to the agent without removing any previously feasible use of the original

coordinates.

2.2 Learning Rules and Processing Costs

At dimension d, a learning rule is a Borel-measurable function

(R SR

IEquivalently, one may begin with a projectively consistent family of finite-dimensional joint laws for
4,8 (d)). The common-probability-space representation makes the nesting of the information environments
explicit.

20One may interpret Sy as the agent’s own signal and Sp,...,S; as reports received from additional
sources. None of the general results depends on this interpretation.



that maps the realized signal vector into an estimate £(S®) of . The set of feasible learning

rules is
LD = {¢:R™" — R : { is Borel measurable and E[K(S(d))z} < oo}.

Square integrability ensures that both the mean squared error and the variance of the induced

estimate are well-defined.

Implementing a learning rule may require cognitive or organizational resources. At dimension
d, let
C(4;d) € [0, +o0]

denote the processing cost of a rule £ € L£@. The value 400 allows prohibitive imple-
mentation costs. We assume that, at a given dimension, processing costs depend on the

induced estimate rather than on the particular functional representation of the rule. Thus,
if ¢,0 € LD satisfy

((SDY = ¢(SD)  almost surely,

then C(¢;d) = C(f;d). We therefore identify learning rules that induce the same estimate
almost surely. The economically relevant object is the estimate produced from the observed

signals.

An important property of a learning rule is how much its estimate responds to the observed

information. We call
Var (E(S(d)))

the responsiveness of the learning rule. Responsiveness measures how much the estimate
varies across signal realizations. A constant rule has zero responsiveness, while an estimate
that varies nontrivially with the signals has positive responsiveness. Responsiveness is not
itself a measure of accuracy or informativeness: an estimate may vary because it responds

to useful information, to statistical noise, or to both.

Because the information environments are nested, every estimate available at a smaller di-
mension remains statistically feasible at a larger one. Fix d’ > d and ¢ € L. Define the
lifted rule

g:{,(SO, . 780{/) = 6(80, e Sd).

This rule ignores the additional coordinates and satisfies

05(S) = ¢(SD)  almost surely.



It therefore produces exactly the same estimate, mean squared error, and responsiveness
as the original rule. A larger information environment does not eliminate any previously

feasible estimate.

The implementation cost of that estimate, however, need not remain unchanged. Although
processing costs depend only on the induced estimate at a fixed dimension, they may also
depend directly on the size of the information environment. Consequently, the lifted rule
may satisfy

C(6: d) # C(t:d).

Even when the agent ignores every additional signal, maintaining the same response to
the original information may become more expensive. Thus, expanding the information
environment preserves the statistical feasibility of earlier learning strategies but need not

preserve their implementation costs.

At each dimension d, the agent chooses a learning rule to minimize mean squared error plus

processing cost:

inf {E [(E(S(d)) —0) 2] Lo d)} . (Py)

teL(d)
The first term measures statistical inaccuracy. The second measures the resources required

to implement the corresponding degree of responsiveness in an environment of dimension d.

We impose two substantive restrictions on the processing technology. The first provides a
costless benchmark that does not respond to the realized signals. The second describes how
the cost of sustaining responsiveness behaves as the surrounding information environment

expands.
Assumption 1. For every d > 0 and every c € R, if {(s\D) = ¢, then C(¢;d) = 0.

Assumption 1 gives the agent a costless no-learning option. Under squared-error loss, the
best such option is the prior-mean rule £(s) = py. The agent can therefore avoid all

responsiveness costs by reporting the prior mean independently of the realized signals.

Assumption 2. For every sequence of learning rules {{q}qso with €4 € LD if

lim inf Var(éd(S(d))) > 0,

d—o0

then
lim C'(lq;d) = +00.

d—o0

Assumption 2 states that nonvanishing responsiveness cannot be sustained at uniformly

bounded cost as the information environment becomes arbitrarily large. It does not re-



quire the cost of a fixed rule to increase after every addition of a signal, nor does it require
processing costs to be monotone in d at all finite dimensions. It imposes only an asymp-
totic restriction by stating that every sequence of induced estimates whose variance remains

bounded away from zero must eventually become prohibitively costly.

The assumption permits the lifted version of a fixed lower-dimensional rule to become more
costly in a larger environment. Depending on the application, implementing a responsive
estimate may require maintaining a larger reporting system, reconciling additional inputs,
monitoring interactions among variables, verifying that excluded cues remain irrelevant, or
allocating attention across a broader set of potential considerations. Even when the final es-
timate responds directly to only a subset of the coordinates, preserving that response within
a larger information system may require additional cognitive or organizational resources.
Evidence that larger cue sets alter information-processing strategies and that irrelevant in-
formation can increase decision time motivates this reduced-form dimension dependence
(Chadd et al., 2021; Dummel et al., 2016; Payne, 1976). Assumption 2 characterizes the
consequences of a processing technology under which maintaining a nontrivial response be-

comes increasingly demanding as the environment expands.

2.3 Well-Posedness

To establish existence and uniqueness of the optimal estimate, fix d > 0 and let
Hy = L*(Q,0(S?D),P)

denote the Hilbert space of square-integrable estimates measurable with respect to the ob-

served signal vector. Its inner product and norm are

(X,Y)a:=E[XY], X2 = VEXT.

Every learning rule ¢ € £@ induces an estimate X = £(S@) € Hy. Conversely, because
S(@ takes values in the standard Borel space R4, every X € Hy can be represented as
X = ((S) for some Borel-measurable function £. Since rules that induce the same estimate

almost surely are identified, problem (P;) is equivalently a choice over H,.

For X = £(S¥), define
Ca(X) := C(4;d).



The objective becomes

Jo(X) :=E[(X —0)’] + Co(X), X €Ha

Assumption 3. For every d > 0, the functional Cq : Hq — [0, +00] is:
(i) proper: Cy(X) < +oo for at least one X € Hy;

(ii) convex: for every X,Y € Hq and every a € [0, 1],

Ci(aX + (1 —a)Y) < aCy(X) + (1 — a)Ca(Y);

(iii) lower semicontinuous: if X,, — X in L%, then

n—oo

Properness rules out a processing technology under which every estimate has infinite cost.
Under Assumption 1, properness is automatic because every constant estimate has zero
cost. Convexity means that combining two induced estimates does not cost more than the
corresponding convex combination of their costs. Lower semicontinuity rules out upward

jumps in cost at limits of nearby estimates.
The following result shows the existence of a unique estimate of the decision problem.

Proposition 1. Under Assumption 3, problem (P;) admits a unique optimal induced esti-

mate
X =0(S9Y) € Hy

for every d > 0, where uniqueness is understood up to almost-sure equality.

We may consequently define the statistical accuracy of optimal inference without selecting

among multiple optimal estimates:
MSE(d) = E[(EZ(S(CI)) - 9)2} .

A lower value of MSE(d) represents greater statistical accuracy. This object should be
distinguished from the minimized value of problem (P;), which also includes the processing

cost of implementing the optimal rule.

Assumption 1 provides a dimension-independent benchmark. The prior-mean rule satisfies

E[(uo — 0)*] + C(ue; d) = 0.

10



Optimality therefore implies
MSE(d) + C(¢5;d) < o3,

Because processing costs are nonnegative,
MSE(d) < o for every d > 0. (1)

Thus, the agent can always attain the prior benchmark by declining to respond to the
observed signals. The substantive question is whether she chooses a more accurate responsive

estimate and whether any such accuracy gain survives as dimensionality increases.

3 Learning Collapse and Overload

Because the implementation cost of a learning rule may depend on ambient dimension, the
statistical nesting of the signal vectors does not determine the path of optimal accuracy. A
richer environment preserves every lower-dimensional estimate as a mathematical mapping,
but it may change the cost of maintaining that estimate or any other responsive rule. This

section establishes two implications of the processing technology.

The first is prior reversion: under Assumption 2, the optimal estimate converges to the prior
mean as dimensionality grows. The second is information overload: a finite information
dimension produces an estimate that is strictly more accurate than the optimal estimate
at every richer dimension. Overload therefore requires both a finite-dimensional gain from

learning and the eventual erosion of that gain.

By Proposition 1, the optimal induced estimate is uniquely defined at each dimension under
Assumption 3. Recall that

MSE(d) = E[(f;(s(d)) - 9)2] .

Information overload is defined in terms of this statistical accuracy, rather than the full

objective in problem (Py).

Definition 1. Information overload occurs if there exists a finite d; > 0 such that
MSE(d) > MSE(d;)

for every d > d;.

Definition 1 requires more than diminishing marginal returns to information. It requires a

finite-dimensional environment whose optimal estimate is strictly more accurate than the

11



optimal estimate in every richer environment. The definition does not require MSE(d) to
increase after each successive addition of a signal. Accuracy may be locally flat or nonmono-
tone before and after d;. In the Gaussian-quadratic benchmark later, we obtain the sharper

single-troughed path commonly associated with information overload.
The following proposition establishes the resulting limit on optimal inference.

Proposition 2. Suppose Assumptions 1, 2, and 3 hold. Then

lim B[ (¢3(5) = ug)*| = 0. 2)

d—00

Consequently,
Var(6,(S@)) =0,  E[£(S)] — e,
and
lim MSE(d) = o}. (3)
d—oo

The proposition identifies the limiting response to an expanding information environment.
The induced estimate converges in mean square to the prior mean. Its variation across signal
realizations vanishes, its expectation approaches the prior mean, and its accuracy returns to

the level attained by ignoring the signals altogether.

The economic force behind the result is the interaction of the two cost assumptions. Because
the prior-mean rule is always available at zero cost, the optimal value of problem (P;) is
bounded above by o7 at every dimension. The processing cost paid by the optimal rule is
therefore uniformly bounded. Assumption 2 then rules out any sequence of optimal estimates
whose responsiveness remains bounded away from zero. Once the variance of the optimal

estimate vanishes, the squared-error bound in (1) forces its mean to approach .

No parametric signal structure is required for this conclusion. The signals may become in-
creasingly precise or numerous, and the Bayesian posterior based on the full signal vector may
remain highly informative. Proposition 2 concerns the estimate the agent optimally imple-
ments after accounting for processing costs. The statistical environment remains important
for the value of learning at finite dimensions and for whether Assumption 2 is economically

appropriate in a particular application.

This convergence result does not, by itself, establish information overload. An agent who
always reports the prior mean has no accuracy gain to lose. To distinguish overload from such
persistent nonuse of information, we must ask whether responding to the signals improves

the accuracy of optimal inference at some finite dimension.

12



Proposition 3. Suppose Assumptions 1, 2, and 3 hold. Information overload occurs if and
only if there exists a finite dy > 0 such that

MSE(dy) < 0. (4)

Proposition 3 identifies when the loss of responsiveness becomes economically meaningful as
information overload. Under the maintained cost assumptions, it is enough that the agent
obtains a strict accuracy gain at some finite dimension. She need not initially learn the
state with high precision, and the gain need not be large. What matters is that useful
inference occurs at a finite scale and that its accuracy advantage cannot be sustained as the

surrounding information environment expands.

Condition (4) is stronger than statistical informativeness alone. It evaluates the estimate
chosen after the agent trades off accuracy against processing cost. Signals may contain
useful information about the state while the cost of implementing a responsive rule makes
the prior-mean estimate optimal. The condition therefore distinguishes information that

could improve prediction from information that the agent finds worthwhile to use.

Once such a gain exists, additional signals need not be misleading or less informative to
generate overload. The original evidence remains available, and new signals may further
improve the frictionless Bayesian estimate. What fails to survive is the agent’s willingness
to maintain an estimate that responds sufficiently to that evidence. A larger information
environment can therefore improve the statistical opportunities for inference while reducing
the accuracy of the estimate actually implemented. The lost accuracy reflects an optimal

response to implementation costs rather than a deterioration in the underlying evidence.

The converse distinguishes overload from an environment in which learning never improves
the agent’s estimate. For example, suppose the signals never change the conditional mean
of the state:

E[0 | SU] = ug for every d.

Responding to these signals cannot improve squared-error prediction. Because the prior-
mean rule is costless and processing costs are nonnegative, the optimal estimate is the prior
mean and MSE(d) = 02 at every dimension. There is no information overload because there
is no accuracy gain to lose. The same absence of a gain can occur when signals are useful

for prediction but too costly to use.

Overload is also a comparison with a smaller information environment, not a claim that the
agent performs worse than if she ignored all signals. The costless prior-mean option ensures

that MSE(d) < o2 at every dimension. An agent may remain strictly more accurate than

13



this benchmark at every finite dimension and still experience overload because the accuracy

gain becomes smaller in sufficiently large environments.

The next section derives conditions under which optimal inference can be represented by an
affine rule. The Gaussian—quadratic specialization then makes the adjustment in responsive-
ness explicit, characterizes the path of accuracy, and distinguishes the accuracy-maximizing

dimension from the dimension preferred by the agent.

4 Affine Optimality

The preceding section characterized the limiting behavior of optimal inference while allowing
the agent to choose any measurable function of the observed signals. We now identify
conditions under which this infinite-dimensional problem reduces to a finite-dimensional
choice of coefficients. The key question is whether nonlinear transformations of the signal
vector can improve the agent’s objective once both statistical accuracy and the cost of

responsiveness are taken into account.

Under squared-error loss, the Bayesian posterior mean contains all of the signal-dependent
variation that is useful for predicting the state. If that posterior mean is affine in the primi-
tive signals, any nonaffine component of an estimate is orthogonal to the statistically relevant
affine component. When processing costs are also weakly increasing in the variance of the in-
duced estimate, such a nonaffine component raises both prediction error and responsiveness.

It is therefore never optimal.

For the remainder of this section, suppose that
E[lS]?] < oo
for every d > 0. Define the subspace of estimates that are affine in the primitive signals by
AW .= {c—l—wTS(d) cweRM e ]R} C Hy.
Because A@ is the linear span of the finite collection
1,50, ...,95,

it is finite-dimensional and therefore closed in H,.

Let
mq = E[§ | S

14



denote the Bayesian posterior mean. Under quadratic loss and in the absence of processing

costs, my is the unique optimal estimate of 6 in H,.

Assumption 4. For every d > 0,

ma =E[0 ] S©) € A9,

Assumption 4 requires the statistically optimal predictor to be affine in the primitive signal
coordinates. It is satisfied when (6, S®) is jointly Gaussian and, more generally, in environ-
ments with a linear conditional expectation. The assumption does not restrict the learning

rule chosen by the agent; it restricts only the form of the frictionless Bayesian benchmark.

Our second restriction concerns the processing technology. At a fixed information dimension,

estimates that vary more across signal realizations are weakly more costly to implement.

Assumption 5. For every d > 0 and every X,Y € Hy,

Var(X) > Var(Y) = Cy(X) > Cy(Y).

Thus, within a fixed information environment, responsiveness is sufficient for ranking pro-
cessing costs. The cost may still depend separately on d, so the same degree of responsiveness

can have different implementation costs in environments of different dimensions.

Proposition 4. Suppose Assumptions 3, 4, and 5 hold. Then, for every d > 0, the unique

optimal induced estimate belongs to A . Equivalently, there exist
wy € RH! and ¢, €R

such that
(SDY = (W) TS 4 ¢,

The induced estimate is unique up to almost-sure equality.

The proposition does not impose affine behavior as a restriction on the agent’s strategy set.
It derives affine optimality from the interaction between the statistical environment and the
processing technology. To see the force of the result, take any candidate estimate and project
it onto A@. Because the posterior mean belongs to A@, the nonaffine residual contains no
component that improves prediction of the state. Removing it strictly lowers mean squared
error whenever the residual is nonzero. The projection also weakly lowers the variance of
the estimate and therefore cannot increase its processing cost. Every genuinely nonaffine

estimate is consequently dominated.

15



Proposition 4 converts the original optimization over all measurable learning rules into a

finite-dimensional coefficient problem.

Corollary 1. Suppose Assumptions 3, 4, and 5 hold. Define
é’d(w, c) = C’d(c + wTS(d)).
Then problem (Py) is equivalent to the finite-dimensional convex program

min {E[(C +w's@ — 6’)2} + Ca(w, c)} :

(w,c)ERIFTIXR

Every minimizing coefficient pair induces the unique optimal estimate £5(S@).

Corollary 1 shows that all minimizing coefficient pairs generate the same random estimate

problem.

Propositions 2—4 establish the paper’s general theory. Proposition 2 identifies conditions
under which optimal learning collapses toward the prior mean, Proposition 3 characterizes
when this collapse constitutes information overload, and Proposition 4 identifies conditions
under which optimal inference reduces to affine rules. We next impose a Gaussian signal
structure and a quadratic responsiveness cost. Under this environment, we can derive the
closed-form coefficients and specify the tradeoff between statistical precision and processing

costs explicitly with economic implications.

5 (Gaussian Specialization

We now specialize the general theory developed above to a Gaussian—quadratic environment.
This specialization yields explicit characterizations of learning collapse, information overload,
and optimal responsiveness. The optimal estimate takes the form of a shrinkage transforma-
tion of the Bayesian posterior mean, making the tradeoff between statistical precision and
processing costs explicit. The resulting expressions also permit a sharp distinction between
two economic questions. When the information dimension is exogenous, we study the sta-
tistical accuracy of the optimally chosen rule. When the dimension can itself be selected, we

study the number of signals that minimizes total loss, including processing costs.

5.1 The Benchmark and the Cognitive Deflator

Fix d > 0 and write
m:=d+1

16



for the number of available signals. We specialize the processing cost to
C(6;d) == AmVar(((S9)),  A>0. (5)

The parameter \ converts responsiveness into processing cost, while the factor m captures
the scale of the surrounding information environment. If an induced estimate has variance
v, its processing cost is Amwv. Thus, holding the induced estimate fixed, adding one signal

raises its implementation cost by Av.

The specification in (5) satisfies Assumptions 1, 3, and 5. When A\ > 0, it also satisfies
Assumption 2: any sequence of estimates whose responsiveness remains bounded away from
zero has a processing cost that diverges with m. When A = 0, the model reduces to the

frictionless Bayesian benchmark.
We impose the following statistical environment.

Assumption 6. The state satisfies
0~ N(po,03), o3>0,

and the signals satisfy
Sk =0 + €k, k 2 07

where (ex)r>o0 are independent and identically distributed according to
ex ~ N(0,02), o >0,

and are independent of 6.

Assumption 6 makes the sample average a sufficient statistic for the state and ensures that

the posterior mean is affine. Define

<@ _ 13

ST = — ; Sk.
The Bayesian posterior mean is

_ oZm
E0|SD) = pg+ B (S = o), B = —2

2 2"
oz +ogm

The coefficient f3,,, € (0,1) is the Bayesian response to the sample average. It increases toward

one as m grows because averaging additional independent signals reduces measurement noise.

17



Proposition 5. Under Assumption 6 and the processing cost in (5), the unique optimal

induced estimate s

. —(d
5(SD) = g + k(5 — p10), (6)
where | ) |
oym
K, = —2 0 2 - B’m (7)
1+ Am oz +ozm 1+ Am
S—— —_——
cognitive deflator Bayesian responsiveness
Equivalently,
() = (wy) TS + ¢,
where
\ 1 o "
Wy = 1y, o' c; = (1 — mam)ug.

- 1+ Amo?+opm’

The optimal estimate can be written directly as a deflated posterior mean:

(S D) = g + (BB | 5]~ ).

14+ 2m

The term Am therefore reduces the magnitude of the posterior-mean adjustment toward or

away from the prior mean.

Equation (7) separates two effects of a larger information environment. The Bayesian respon-
siveness f3,, increases with m, reflecting greater statistical precision. The cognitive deflator
(1+Am)~! decreases with m, reflecting the higher cost of maintaining a responsive estimate.
When A = 0, the optimal rule is the Bayesian posterior mean. When A > 0, Bayesian
responsiveness converges to one, but the cognitive deflator converges to zero. The overall

response k,, therefore eventually vanishes.

5.2 Accuracy and the Preferred Information Dimension

We first treat d as exogenous and characterize the statistical accuracy of the optimal rule.
From (6),

d
1
G(59) — o = (e o zek> |
k=0

It follows that

4

2
75(S@DY) — 2 2 9\ _ O .
Var(6(5)) = i (“9 ) T ogm) (L amp ®)
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The corresponding mean squared error is

2

2 9 2 9¢
MSE(d) = (1 — K, —=
SE(d) = ( /i)a(,—i-/{mm (9)
Am(1 + 2\
_ ol ggm(1+ 2\m) (10)

(02 + o7m) (L + Am)?

The first term in (9) is the error generated by anchoring the estimate toward the prior
mean. The second is the residual measurement error transmitted through the sample average.
Averaging reduces the raw noise variance o?/m, but the endogenous response k,, is itself
attenuated by the processing cost. The path of accuracy is determined by the interaction of

these two forces.
Proposition 6. Suppose Assumption 6 and the processing cost in (5) hold.
(i) If A =0, then

2 .2
0g0¢

MSE(d) =
SE(d) 02+ o3(d+1)’

so MSE(d) is strictly decreasing in d and converges to zero.

(ii) If A > 0, define the continuous extension

agm(1 + 2Am)

e 2
M) =% = G o) (L Am)E

m > 0.

There exists a unique mysg > 0 such that M is strictly decreasing on (0, mysg) and
strictly increasing on (Mmusg, 00). Consequently, the discrete sequence d — MSE(d) =
M(d+1) is single-troughed, and its set of minimizers consists of either one integer or

two adjacent integers. Moreover,
MSE(d) < o;  for every finite d, dlim MSE(d) = 0.
—»00

Information overload therefore occurs whenever A > 0.

For every finite d, the optimal responsive estimate is strictly more accurate than the prior
mean. The size of this improvement nevertheless converges to zero. Depending on the
parameters, accuracy may initially improve before deteriorating, or the feasible sequence
may begin on the increasing side of the continuous MSE curve. In either case, some finite

dimension is strictly more accurate than every sufficiently large environment.

The limiting behavior in Proposition 6 is an explicit instance of Proposition 2. When A > 0,
Km — 0, 05(SWY = g in L2, MSE(d) — o3.
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Figure 1: Information overload in the Gaussian—quadratic benchmark

When A\ = 0, by contrast, k,, = 3, — 1, and averaging increasingly many independent

signals permits arbitrarily accurate learning.

The preceding analysis compares statistical accuracy across exogenously given information
dimensions. Suppose instead that the agent may choose d. Because the rule at each di-
mension already minimizes mean squared error plus processing cost conditional on d, the

relevant outer objective is the minimized total loss
L(d) :== MSE(d) + Am Var (£;(S'V)) . (11)
Substituting (8) and (10) gives

4
ogm

L(d) = o2 —
(d) = o (02 + oZm) (1 + Am)’

m=d+ 1. (12)

Thus,
L(d) — MSE(d) = Am Var(¢;(S9)) > 0.

Information overload is defined by the statistical accuracy MSE(d). The preferred infor-
mation dimension is instead determined by L(d), which internalizes the resources used to
implement the optimal estimate. The dimension minimizing MSE therefore need not coincide

with the dimension minimizing total loss.
Proposition 7. Suppose Assumption 6 and the processing cost in (5) hold.

(i) If A =0, then L(d) is strictly decreasing in d.

20



(ii) If A > 0, then, form =d + 1,

B oy [Aozm(m + 1) — 02|
Ld+ 1) - L) = ey T am) (2 + 2+ 1) At amr 1)

Consequently, L(d) is single-troughed.
Define

_ V/1+402/(Ao3) — 1
: . .
3

If x) is not a positive integer, the unique minimizer is

(14)

T

d*L = Irf)\—l —1.
If xx = n for some positive integer n, the two minimizers are
d=n-—1 and d =n.

In particular, d = 0 is the unique minimizer if

2

ag

A > —=
29

20}

while d =0 and d = 1 are tied if equality holds.

Proposition 7 gives the exact solution to the discrete dimension problem. Recall that d =0
corresponds to one observed signal. When processing costs are sufficiently high, the agent
therefore chooses the smallest feasible information environment. At lower processing costs,
averaging additional observations is worthwhile until the marginal statistical benefit is offset

by the higher cost of maintaining responsiveness.

For A > 0, the continuous relaxation over the feasible domain m > 1 is minimized at

o (15)
my = max< 1, = b 15
>\O'g

A higher signal-noise variance o2 weakly increases the preferred number of observations

because averaging becomes more valuable. A larger processing-cost coefficient A reduces the
preferred dimension. A higher prior variance o} also reduces the preferred dimension in this
benchmark because a responsive estimate then exhibits greater variation and is consequently

more expensive under the variance-based processing technology.

3[z] denotes the smallest integer greater than or equal to z.
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Figure 2: Preferred information dimension versus processing cost

5.3 Heterogeneous Signal Quality

The symmetric benchmark assigns equal weights to all signals because they have identi-
cal noise variances. We now allow signal quality to differ across sources. The extension
shows that the processing cost governs the overall scale of responsiveness, while the relative

allocation of weight across signals continues to reflect their statistical precision.

Assumption 7. The state satisfies
0 ~ N(MEU O-g)?

and the signals satisfy
Sk =0+ e, k>0,

where the noise terms are mutually independent, independent of 0, and satisfy
Ek NN(O,Uik>, U?k >O
For a fixed dimension d, define total signal precision by
1
Pd = Z O'T
k=0 e,k
Proposition 8. Under Assumption 7 and the processing cost in (5), the unique optimal rule

18
SN = (i) TS D+ = (11— (Wh) 1) pe,
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where . ) .
Oy
r = k=0,1,....d. 16
wdyk 1+)\m ].+0'3Pd0'€2k7 ) 4 9 ( )
w—/ )

cognitive deflator Bayesian weight

Consequently, for any j,k € {0,...,d},
2 2 * *
O-E,ki < O-S,j < wd7k > dej,

and
*
Wik  Ocj
—= i
Wai  Ock

As in the symmetric benchmark, the optimal estimate is a deflated version of the Bayesian
posterior mean:

Ca(S'D) = po + (E[9 | ] — po) -

1+ 2m
The common factor (1+ Am)~! reduces the overall response to the signal vector. It does not
distort the relative use of the different signals. More precise signals receive greater weight,
and the ratios of the optimal coefficients coincide with the corresponding ratios of Bayesian

coefficients.

The exact dimension comparative statics in Propositions 6 and 7 rely on signals of equal
quality. With heterogeneous noise variances, information dimension alone no longer summa-
rizes the statistical gain from expanding the signal vector. Adding a highly precise signal can
be substantially more valuable than adding a nearly uninformative one. The heterogeneous
extension therefore preserves the common-deflator and relative-weighting conclusions, while

the paths of MSE and total loss depend on the sequence {ogk}@o.

6 Application: Correlation Neglect

This section applies the Gaussian—quadratic specialization to correlation neglect: treating
information from correlated sources as independent evidence (Dasaratha and He, 2021; Enke
and Zimmermann, 2019). We compare the rule chosen by an agent who treats positively
correlated signal noises as independent with the optimal rule under the true covariance

structure.
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6.1 Correlated Signals and Inference Rules

Fix d > 0 and write m := d + 1. Let  ~ N (ug,07), where o7 > 0, and suppose Sy, = 0 + &y

for £ > 0. The noise sequence is jointly Gaussian, centered, and independent of @, with

Var(e;) = o2 Cov(ej,e1) = po? for j #k,

where 62 > 0 and p € [0,1).* Let 59 = S0, Sk and define

1 —
Gm = p+ 7 (17)
m
Then
Var <§(d) — 9) = 02qm, Var <§(d)) =07 + 02

When p > 0, averaging eliminates idiosyncratic noise but leaves the common component, so

the noise variance of the sample average converges to po?.

We maintain the quadratic processing cost C(f;d) = Am Var(£(S@)), with A > 0. A
correlation-aware agent evaluates both prediction error and processing cost under the true
distribution. The sample average is sufficient for 6, and the posterior mean is g+ 372 (§(d) —

o), where B4 := o2 /(02 +02q,,). The same quadratic optimization as in Proposition 5 gives

1 o3
14+ Mmoo+ o2q,

(4(SDY = g + K2 (g(d) — 1o), KA (18)

A correlation-neglect agent instead sets p = 0 with a mis-specification when evaluating
both mean squared error and the variance entering her processing cost. She uses the same
functional form for costs but solves the subjective independent-noise problem. Her optimal
rule is, by setting p = 0 from the above equation,

d)

N/ a(d) Nt N 1 Ug
(g (S'9) = po + k(S — po), Ky (19)

The corresponding coefficient vectors are

A N
K K
wA ="my w =-"mq,..
m m
Both agents’ realized estimates and performance are evaluated below under the true correlated-

signal distribution.

4For example, let ¢, = o:(v/pU + 1= pUy), where U, Uy, Uy, ... are independent standard normal
random variables, independent of 6.
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Define the response gap by

a1 gotm-1)/m
™14 Am (0F 4 02/m) (9] + 024,)

(20)

Thus, A,, > 0, with strict inequality whenever p > 0 and m > 1. Correlation neglect
produces excessive responsiveness to the sample average by treating partly redundant ob-
servations as independent evidence. Both rules nevertheless contain the common cognitive

deflator (1 4+ Am)~!, which attenuates the absolute response to the signals.

6.2 Behavioral and Payoff Consequences

Define true total loss by
Tn(0) = B[ (£(SD) = 0)°] + Am Var(¢(5)) (21)

where expectations and variances are evaluated under the true distribution. The correlation-

aware rule 4 minimizes J,,, whereas ¢)" minimizes the corresponding subjective objective.
Proposition 9. Suppose p € (0,1).°
(i) If A > 0, then
(4(SD) — pg and  (Y(SD) = g in L

as d — oco. Moreover, writing m = d + 1,

1
07 (SD) = £3(SD)], =0 = 22
160 (S') = £3(S'D) ], e (22)
and .
N_ A
it = il = O( 5 ) 23
where || - ||[g denotes the Euclidean norm on coefficient vectors. The difference in true
total loss satisfies
1
0 < Tn(l)) = Tn(t]) = (1 + Am) (0 + 02qm) A2, = O(E) : (24)
(ii) If A =0, then
2
Ii;i — % KN — 1.

2 27
0-9 +p05

SWe use standard asymptotic notation: z,, = O(y,,) means that there exist constants K < oo and M
such that |x,,| < K|ym,| for every m > M.
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Consequently,

lim E[(EN(S(C”) - éA(S<d>))2} _ P (25)
o0 d d o,g + po_g )
and 5 4
lim [T (6)) = Tm(t)] = =225 > 0
R e

Part (i) illustrates the prior-reversion mechanism under two different covariance models.
The correlation-aware agent continues to discount common noise, while the correlation-
neglect agent regards the sample average as increasingly precise. Positive processing costs
nevertheless suppress both responses. Equation (22) establishes convergence of the induced
estimates under the true distribution. The exact identity in (24) further shows that the

additional true total loss from correlation neglect vanishes.

Part (ii) isolates the role of the processing friction. Without processing costs, common noise
cannot be averaged away, and both the behavioral gap and the true loss penalty persist. With
positive processing costs, correcting the covariance model remains weakly beneficial in terms
of true total loss, but the value of that correction converges to zero. This is a consequence
of learning collapse. The application therefore illustrates how weak responsiveness can mask

persistent statistical misspecification in observed estimates.

0.175 4

0.150 4

0.125 1

0.100

0.075

0.050 1

Behavioral discrepancy |£) — £4]2

0.025 4

0.000 T T T T T T T
o 25 50 75 100 125 150 175 200
Information dimension d

Figure 3: Behavioral gap between correlation-aware and correlation-neglect rules

7 Conclusion

This paper develops a rational theory of information overload. We develop a model in which
information overload arises from rational learning under cognitive costs. In our framework,
overload emerges endogenously from the trade-off between statistical accuracy and cognitive

burden.
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Our analysis delivers three main insights. First, we characterize conditions under which
learning collapses in high-dimensional environments. When the marginal cost of respon-
siveness exceeds the marginal value of precision, agents attenuate responsiveness and revert
toward prior-based rules. Second, we show that under variance-monotone costs, the optimal
learning rule is affine and includes a cognitive deflator that uniformly shrinks responsive-
ness as dimensionality increases. Finally, this attenuation also changes the consequences of
correlation neglect. With positive processing costs, the correctly specified and misspecified
estimates converge to one another, and the additional true total loss from the covariance
mistake vanishes. Their similarity reflects reduced responsiveness, not a correction of the

underlying beliefs.

These results imply that the value of additional information depends not only on its statistical
content, but also on the dimensionality of the information environment. Policies that expand
information without reducing processing costs may therefore reduce decision quality. In
fact, even well-intentioned policies like those aimed at increasing transparency can lower the
quality of decisions. This suggests a role for information design that emphasizes simplification
and dimensionality reduction, for example, by limiting options or structuring information in

specific ways.

A  Proofs

Proof of Proposition 1
Fix d € Ny and work on the Hilbert space Hy. By Assumption 3(i), there exists Xy € Hy
with Cy(Xo) < +oo. Since Xy, 0 € L?, this implies Jy(X,) < 400, so Jy is proper.

Because Cy > 0,
Ja(X) > E[(X —0)°] = [|X = 0]3 > (| X2 — [16]]2)*.

Thus J4(X) — +oo as [|[X]2 = +oo. Let {X,} € H,y be a minimizing sequence. Coer-
civity implies that {X,} is bounded, so, because H, is a Hilbert space, some subsequence
converges weakly to an element X* € Hy. The map X — ||X — 0||3 is weakly lower semicon-
tinuous. Moreover, a convex functional that is lower semicontinuous in the norm topology
is weakly lower semicontinuous, so Assumption 3(ii)—(iii) implies that Cy is weakly lower

semicontinuous. Therefore

Ja(X™) < liminf J;(X,) = inf J4(X),

n—00 XeH,
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and X* attains the minimum.

To prove uniqueness, suppose X; and X5 are two minimizers that are not equal almost surely.

Their objective values, and hence their costs, are finite. For every a € (0, 1),
E [(aXl F(1—a)X — 9)2} — aE[(X1 — 0)2] + (1 — a)E[(Xs — 0)7]
—a(l - a)||X; - Xof3.
By convexity of Cy,
Cd(Cle + (1 — Oé)XQ) S OéCd<X1) + (1 — Oé)Cd(XQ).
Since || X; — X33 > 0, adding the two displays gives
Jd(C(Xl + (1 — OZ)XQ) < OéJd(X1> + (1 — Oé)Jd(Xg),

contradicting optimality of X; and X5. Hence the optimal induced estimate is unique up to

almost-sure equality.

Proof of Proposition 2

Fix any selection of optimal rules and set Xy := £5(S@) and vgq := Var(X,). By Assump-

tion 1, the prior-mean rule is feasible at zero cost, so optimality gives
E[(Xa - 0)*] + C(63:d) < 03
for every d € Ny. In particular,

E[(Xy —0)%] < o} and C(lh;d) < op.

We first prove that v; — 0. Suppose otherwise. Then there exist n > 0 and a strictly
increasing sequence {dy}r>1 such that vy, > n for every k. For d > dy, let k(d) := max{k :
dr < d} and define the lifted rule

-~

Ca(so,-- -, 5q) = L4, , (S0, Sayy)-
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For d < dy, set Zd = uy. By nestedness,

0(SD) = ¢ (§Ukw))

k(d)

almost surely for every d > dy, and therefore
Var(Zd(S(d))> = Vdy gy = 1

Hence liminfy Var(:?\d(S(d))) > 1 > 0, so Assumption 2 requires C’(Z\d; d) — +o00. Along

the subsequence d = dj,, however, de = {3, , and thus
Clla;dr) = C(6,3di) < o

for every k, a contradiction. Therefore vy — 0.

Let byg := E[X4] — py. Expanding the mean squared error and using the preceding upper
bound gives

05 +vg+ b5 —2Cov(Xy,0) = E[(Xyg—0)%] < op.

Consequently,
0 < vy + b3 < 2Cov(Xy,0) < 2|Cov(Xy,0)| < 2001/va,

where the last inequality is Cauchy—Schwarz. Since vy — 0, it follows that by — 0, and hence
E[(Xy — 119)%] = vg + b3 — 0.

This proves (2). The variance and mean conclusions follow from vy — 0 and by — 0. Finally,

the reverse triangle inequality gives

| VMSE() — 09| = 1 Xa = 12 = lltg = 0] < X — sl = 0,

so MSE(d) — o3.

Proof of Proposition 3

Necessity. Suppose information overload occurs at d;. Then

MSE(d;) < MSE(d; 4+ 1) < o2,
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where the second inequality follows from (1). Thus MSE(d;) < o2, so (4) holds with dy = d;.
Sufficiency. Suppose there exists dy such that MSE(dy) < o3, and define

O'g — MSE(do)
2

0= > 0.

By Proposition 2, there exists an integer D > d such that

05 + MSE(dy)

MSE(d) > o} — § > MSE(dy)

for every d > D. Let d; be the largest minimizer of MSE(d) over the finite set {0,1,..., D}.
If d; < d < D, maximality of d; implies MSE(d) > MSE(d;). If d > D, then

MSE(d) > MSE(dy) > MSE(d),

where the weak inequality follows because dy < D and d; is a minimizer on {0,...,D}.
Therefore MSE(d) > MSE(d;) for every d > d;, which is information overload.

Proof of Proposition 4

Fix d € Ny. Because A is a closed subspace of Hy, the orthogonal projection P4 : Hg —
A@ is well defined. For any X € Hy, write

X=A+R  A=PwX, R:=X-Aec(AD)"

Let My :=E[f | SY] and Uy := 0 — M. Assumption 4 gives My € AY while E[U;Y] =0
for every Y € Hy. Since A — My e AYD R 1 A and U; L Hg, the Pythagorean identity
yields

E[(X —0)] = | A — Mall3 + |RIz + |Uall; = E[(A — )] + || R]}3.

Thus replacing X by A weakly reduces mean squared error, and the reduction is strict
whenever R # 0 in L.

Because 1 € A9 orthogonality gives E[R] = 0. Moreover, A —E[A] € A? so Cov(A, R) =
0. Therefore
Var(X) = Var(A) + Var(R) = Var(A) + || R||5 > Var(A).

Assumption 5 then implies Cy(X) > Cy(A).

Let X be the unique minimizer from Proposition 1. Its objective value and cost are finite.
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If X1 ¢ A its projection A% := P4 X satisfies Cy(A%) < Cy(X3) < +oo and
E[(A7 - 0)°] < E[(X3 - 0)7].

Hence Jq(A%) < Ja(X3), contradicting optimality. Therefore X; € A9 so Xi = ¢ +
(w5)TS@ for some ¢, € R and w’ € R4, The induced estimate is unique, although its

coefficient representation need not be unique if 1, S, ..., Sy are linearly dependent in L2

Proof of Corollary 1

Fix d € Ny and define the linear map
T, : R xR — Hy, Ty(w,c) = c+w'SW.

Its range is A@. By Proposition 4, the unique optimal induced estimate for problem (Py)
belongs to A@. Restricting the original problem to the range of T; therefore does not change

its minimum.

Because Ty is linear, the function
(w,c) — E[(Td(w, c) — 9)2}
is convex. Moreover,
Cd(w7 C) = C(d (Td(wv C))
is convex because C}j is convex and T} is linear. Hence the coefficient problem is convex.

The optimal induced estimate has at least one coefficient representation because it belongs
to A, so the coefficient problem admits a minimizer. Every minimizing coefficient pair
induces an optimal estimate for problem (P;); uniqueness of the optimal induced estimate

then implies that all minimizing coefficient pairs generate £5(S@) almost surely. [

Proof of Proposition 5

Fix d € Ny and write m := d + 1. Under Assumption 6,

S =61, 1e e~ N(0.02,).
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where ¢ is independent of . By Proposition 4, it is enough to consider estimates of the form
((S@D) =wTS@ +c.

For fixed w, the variance term does not depend on ¢, and the first-order condition for the

squared-error term is

Elw"S@ 4+ ¢ —6] = 0.
Since E[S@] = pg1,,, the optimal intercept is
c= (1 — lem),ug.

Let 6 := 0 — pg and S := S@ — 4y1,,. With the optimal intercept,

(8D —pg=w'S,  U(SD)—0=wTS-0.

Define
5= Var(S) = 021,1, + 021, Cov(S,6) = 021,

The objective, after optimizing over c, is
0f — 205w 1+ (1 + Am)w ' Sw.

Because ¥ is positive definite, this is a strictly convex quadratic in w. Its unique minimizer
satisfies
(1+Im)Xw = 01,

and therefore

_ o -1
1+ Am "

The Sherman-Morrison formula® gives

1 o2 1

»le==r,—-—72_—1,1" >, = ———1,.

2 o2(c2+oam) " o2+ oim

Hence
1 op

*
w; = aml, Oy =
d ’ 1+Amo?+ozm’

SIf A is invertible and u, v are conformable vectors with 1 +v " A~ u # 0, then

A lypT A

Ty-1_ 4-1_
(A4uv' )" =A 0T AT

Here, take A = 021,,, w = 031,,, and v = 1,,.
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and

¢ = (1 —may,) .

Finally,
* * <(d
(W) T8 + ¢ = g 4+ mam, (S( - 1),
and
1 oam
Moy, = = Km-
1+ Amo?+oim
This proves both representations in the proposition.
[ |
Proof of Proposition 6
If A =0, equation (10) gives
4 2 2
MSE(d) = 02 — 20" %% g4,

o24+o02m o2+ oim
This expression is strictly decreasing in m and converges to zero, proving part (i).

Now suppose A > 0. Differentiating the continuous extension in the proposition yields

oy (2030*m3 — 302 m — o2)

(02 4+ 02m)” (1 + Am)?

M'(m) =
The denominator is strictly positive. Define
h(m) = 205 A*m® — 302Am — o2.
Then h(0) = —02 < 0, h(m) — +o0, and
R (m) = 60, \*m* — 302\
Thus h is strictly decreasing on (0, mg) and strictly increasing on (mg, c0), where

2
UE
-
205\

moy =

Because h(mg) < h(0) < 0, the function h crosses zero exactly once on (0,00). Denote this
root by muysg. The sign of M’(m) is therefore negative for m < mygsg and positive for

m > mysg, proving the asserted single-trough shape.
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If myse < 1, then M is strictly increasing on [1,00), so m = 1 is the unique integer
minimizer. If mygsg > 1, strict monotonicity implies that every integer below |mysg] is
dominated by |muysk|, while every integer above [mygsg]| is dominated by [mysg|. The

integer minimizers therefore lie in the one- or two-element set

{lmuse], [Muse ]} NN,

so there is either one minimizing integer or two adjacent minimizing integers. Since m = d+-1,
the same conclusion holds for d — MSE(d).

For every finite m > 0,

agm(1 + 2 m) N
o
(02 + o2m) (1 4+ Am)? o

because the subtracted term is strictly positive. Moreover, this term is O(m™'), so M(m) —
o3. Hence MSE(d) < o} for every finite d and MSE(d) — o3. Information overload follows

from Proposition 3.

Proof of Proposition 7

Write m :=d + 1. By (12),

oam
(024 ozm) (14 Am)’

L(d) = of —
Taking the difference between the expressions at m+ 1 and m, placing the two fractions over
a common denominator, and simplifying gives

oy [Naim(m + 1) — 02|
(024 ozm) (14 Am) (02 4+ og(m+1)) (1 + AX(m + 1))

L(d+1) — L(d) =

Indeed, the numerator generated by the difference of the two fractions is

m (o2 +o5(m+1)) (1 +Am+1))— (m+1) (62 + ojgm) (1 + Am)

= Aogm(m + 1) — o2

ER

If A = 0, the denominator is positive and the numerator is —o? < 0, so L(d + 1) < L(d) for
every d. This proves part (i).
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Suppose A > 0. The denominator in the increment formula is strictly positive, so the sign
of L(d+ 1) — L(d) is the sign of
2

O-E
m(m+1) — ol
o

The map x — x(x + 1) is strictly increasing on (0, 00), and its unique positive solution to

2

UE
z(rx+1)= o2
b

18

_ V1+402/(Aog) — 1
5 :

Therefore the increments are negative when m < x,, zero when m = x,, and positive when

T

m > x. This proves that L(d) is single-troughed.

If 2y ¢ N, let n := [z,]. Then the increments are negative for every integer m < n and
positive for every integer m > n, so the unique minimizer is d = n — 1 = [x,] — 1. If
r)y = n € N, the increments are negative for m < n, zero for m = n, and positive for m > n.
Hence d =n — 1 and d = n are the two minimizers. Equivalently, these adjacent dimensions

are tied exactly when
2

_ %
~on(n+1)
In particular, d = 0 is the unique minimizer when z, < 1, equivalently when A > ¢2/(203),

and d = 0 and d = 1 are tied when equality holds.

For completeness, the continuous extension

4
T(m) = o2 — %
N P S T Y

satisfies
4/ 2 2,2
oy (02 — Aagm?)

(02 4+ 02m)” (1 + Am)?

L'(m) = -

Thus its unconstrained minimizer over m > 0 is \/02/(Ao3), while its minimizer over the

feasible continuous domain m > 1 is
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Proof of Proposition 8

Fix d € Ny and write m := d+1. Under Assumption 7, the state and signal vector are jointly
Gaussian, so Assumption 4 holds. The quadratic processing cost satisfies Assumptions 3

and 5. Proposition 4 therefore allows us to restrict attention to estimates £(S@) = wTS@ .

As in the proof of Proposition 5, the optimal intercept is ¢ = (1 — lem)ug. After centering,
the objective becomes

0f — 205w 1+ (1 + Am)w' Sw,

where
S =051,1, +D,  D:=diag(02,...,02,).

The matrix X is positive definite, so the unique minimizer satisfies

2
o
9 ~1
= X1,

1+ Am

The Sherman—Morrison formula gives

o2D™11,,1) D!

Y lt=D"1- :
14021 D11,
Since Py =1, D7'1,,,
P, 1
>"1,=D"1,(1-—"—)=——--—D"1,,
( 1/0’3—}-Pd) 1—|—O’3Pd
Consequently,
1 2 1
Wk % k=01,....d,

- L+Am1+o5P02,’

and ¢ = (1 — (wj) " 1m)pe. The factor multiplying 1/02, is positive and common to all

coordinates. Hence

* 2 2
Wik 1/‘75,k Y

2 2 * *
0., < 0., < W > Wy . = = .
87k &, d7k dv]’ * 2
Wy 1/0€’j o),
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Proof of Proposition 9

Write m := d + 1 and abbreviate the induced estimates ¢4 (S@) and ¢} (S¥) by ¢4 and ¢

Under the true correlated-Gaussian law,
YA = Var(S@W) = ¢%(1 — p) I, + (02 4 po?)1,,1, .

The same first-order condition used in the proof of Proposition 5 gives

A Oy Av—1
w = b 1,,
A= (5)
Since
Y41, =m (07 + 02am) 1,
we obtain A
A R,
w = —1,,
m

where k7 is defined in (18). Under the subjective independent-noise law, the same calculation

sets p = 0 and gives

where £} is defined in (19).

Now let
L = g(d) — [y, Vin 1= Var(Z,,) = Ug + qufn'

Under the true law, Cov(Z,,,0) = o3. For {, := py + kZ,,, the true total loss is
TIm(le) = 07 — 205k + (1 4+ Am)V,, k%,
whose minimizer is k72 = 02/((1 + Am)V,,,). Completing the square yields
T (L) = T (€4) + (1 + Xm) Vi (5 — K22)2.

Setting x = )} and recalling A, = kY

— ,%f1 gives the exact loss identity
T () = Tn(€4) = (1 4+ Am)V,, A%, > 0.
Moreover,

N A N A
Ed - Ed = AmZm, w, - wm = _m ].m,
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SO

A

165" = €all = 1AV Ve, Nlwm —winlle = NGk

where || - ||g denotes the Euclidean norm on coefficient vectors.

2

2 and is

Suppose first that A > 0. Since ¢, — p, the sequence V,, converges to o3 + po

bounded above and away from zero. The formulas for the two coefficients imply

m=0(m™), Ky =0m™),  A,=0(m™).

R

Therefore
164 — polla = K2 |/ Vi = 0, 16Y — 6]z = ||/ Vi — 0.

The preceding exact identities also give

16 = tillz=O(m™),  Jlwm —wnlle = Om=*7?),
and

0 < Tn(l)) = Tt = (1 + Am)V,, A2, = O(m™).
This proves part (i).
Now suppose A = 0. Since ¢, — p,
2

po:

2
g
Hi%—e HN—>1, Am%ﬁ
o2+ po
0 €

2 27 m
o5 + po;

Because V,,, — o3 + po?,

2 4
E[(zy - z;)ﬂ VA2 L%

2 2°
U@‘i‘ﬂ@'a

When A = 0, the exact loss identity reduces to
jm(gilv) - jm(gﬁ) = VmAfm

so the true total-loss gap has the same strictly positive limit. This proves part (ii).
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